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1. Introduction 



Abstract 

fs/ : We study the relation between the diameter, the first positive eigenvalue of the 

discrete p-Laplacian and the £ p -distortion of a finite graph. We prove an in- 
equality relating these three quantities and apply it to families of Cayley and 

f^ Schreier graphs. We also show that the ^-distortion of Pascal graphs, approxi- 

& mating the Sicrpinski gasket, is bounded, which allows to obtain estimates for 

the convergence to zero of the spectral gap as an application of the main result. 
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/-o Distortion of a finite metric space X is, roughly speaking, a measure of how 

* well can X be embedded into the Hilbert space or, more generally, a Banach 

•—} space. The study of distortion of finite metric spaces has a long history, and 

^) in recent years the subject received some attention, in part due to applications 

t-H in theoretical computer science, where low distortion embeddings imply good 

L| computational properties [3l |3TJ |32] . 

•*h Another area of research which is on the border of discrete mathematics, 

l^% probability, algebra and computer science is the study of spectral, asymptotic 

t3 and combinatorial properties of infinite families of graphs of constant, or uni- 

formly bounded, degree. A characteristic which is often at the heart of such 
studies is the first non-zero eigenvalue of the discrete Laplacian, known also as 
spectral gap. 
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Various relations between the spectral gap and other natural characteristics 
of a finite graph are known, we refer to [TS] for a list of such relations. Two 
notable inequalities of this type are due to Alon and Milman lj and Chung [TTj . 
In this paper we study a similar relation, additionally involving the ^-distortion 
of a finite graph. 

Our first result and the main tool in subsequent considerations is a general 
inequality relating the diameter, the first non-zero eigenvalue of the discrete 
p-Laplacian and the € p -distortion of a family of graphs (Theorem [3]) . In order 
to prove it we introduce a certain mild regularity condition, called volume dis- 
tribution. This condition guarantees that in some sense, sets of large volume 
cannot be small in diameter. It is of particular importance for infinite fami- 
lies of graphs, where we require uniform behavior of the volume distribution. 
This condition is however natural and it is satisfied by many families of graphs, 
examples of which are provided. 

We apply the inequality to Cayley graphs of finite groups and families of 
Schreier graphs with the set of vertices of the form G/H n , where G is a residually 
finite group generated by a finite set and {H n } nl - K is a sequence of finite index 
subgroups of G with trivial intersection. The case of special interest is when 
the group G is a finitely generated group of automorphisms of a regular rooted 
tree and H n = stG(u n ) is a stabilizer of a vertex u n of the n-th level, belonging 
to an infinite geodesic ray joining the root with infinity. The study of spectral 
properties of such graphs was initiated in [H [531 HH I2Z] and remains an active 
field of research. 

One such family is obtained from the Hanoi Towers groups on 3 pegs. These 
graphs, called Pascal graphs, were studied in j25[[35] and geometrically approxi- 
mate the Sierpinski gasket. Our second result is that the family of Pascal graphs 



has uniformly distributed volume (Theorem 10 1 and bounded £ p -distortion (The 



orem 11 ). As a consequence of this fact and our inequality we obtain exponential 
convergence to zero for the spectral gap of the discrete p-Laplacian. In the spe- 
cial case p = 2 such convergence follows from [25] . In the process we also show 
that information on distortion can give better estimates for convergence of the 
spectral gap than some previously known inequalities. 

It is worth mentioning that not all graphs having a fractal structure in 
the limit have bounded distortion. Examples are furnished by the diamond 
graphs and Laakso graphs, which are constructed using recursive substitution 
and whose £ p -distortion is unbounded for any p > 1 [5S] . 

Finally, in the last section, we discuss the remaining problems. 

We would like to thank Zoran Sunic for carefully reading the paper and 
suggesting numerous improvements. 



2. Definitions 

2.1. Distortion 

Let X be a finite metric space, £ be a Banach space and let / : X — > £ be 
a one-to-one map which is 1-Lipschitz: 



for all x,y £ X. Let 



ll/(*)-/(v)ll£ <<*(*, |0, 



Lf = max — . (1) 



Definition 1. TTie £ -distortion of X is the number 

c £ (X)=miL f , (2) 

where the infimum is taken over all f : X — > £ which are one-to-one and 1- 
Lipschitz. 

Intuitively, distortion measures the most efficient way to embed X into £ . 
By ctp)(X) we will denote the distortion of X for £ = £ p . In the case p = 2 the 
number C(2){X) is called the Euclidean distortion of X. Euclidean distortion is 
particularly well-studied, see for instance 31,32, 33] and the references therein. 

Bourgain 9 showed that Euclidean distortion of any finite metric space 
X satisfies C(o\{X) < Cslog|X|, where \X\ denotes the cardinality of X and 
Cb is a universal constant. This bound is sharp and is realized by expander 
graphs (that is, infinite family of finite graphs of uniformly bounded degree with 
spectral gap uniformly bounded away from zero) [31| . 

2.2. The discrete p-Laplacian and its eigenvalues 

Let r = (V, E) be a finite, undirected, connected graph with vertex set V 
and edge set E. We write x ~ y to denote the fact that vertices x and y are 
joined by an edge. We allow loops and multiple edges and by ui(x, y) we denote 
the number of edges linking vertices x and y. The set of vertices of T can be 
viewed as a metric space when equipped with the combinatorial metric. 

As usual, given a set S, by £ P {S) we denote the space of function / : S — >• M. 
for which the p-norm ||/|| p = (X^eS \f( x )\ P ) 1 ^ P * s finite. The symbol 1a will 
denote the characteristic function of a set A. 

Let 1 < p < oo. The p-Laplacian A p is an operator A p : £ P (V) — > £ P (V), 
defined by the formula 

A p f(x) = J2(fW-f(y)) ]p Mx,y), 

for / : V — > R, where a^ = |a| p_1 sign(a). For p ^ 2 the p-Laplacian is a 
non-linear operator, while for p = 2 it is the standard linear discrete Laplacian. 
The p-Laplacian is a well-known operator in the study of partial differential 
equations, for graphs it was considered in e.g. [2j [71 flO| [37] . 



A real number A is an eigenvalue of the p-Laplacian A p if there exists a 
function / : V — > M. such that 

A„/ = A/W. 

The eignevalues of the p-Laplacian are quite difficult to compute in the case 
p =/= 2, due to non-linearity of A p . Define 

i(p)fr\-- e / ^»6V £»~* 1/0*0 ~ /(lOlMs. y) 



with the infimum taken over all / : V^ — > R such that / is not constant. It was 

. . . (n) 

proved in |10j . by means of the variational principle, that A-f is the smallest 
positive eigenvalue of the discrete p-Laplacian A p or the p-spectral gap. For p = 
2 this agrees with the definition of the first positive eigenvalue as the minimizer 
of the Rayleigh quotient (A 2 /, /)/(/, /) over all / which are orthogonal to the 
constant functions on V, since for / : V — >• M satisfying (/, ly) =0we have 



|/||1= inf ||/ -al 



V\\2- 



(2) 

In graph theory X\ is often referred to as algebraic connectivity, see for instance 

ESI. ' 

For p — 1 the definition of X{ alone still makes sense and we will use state 

(p) 
our results for p > 1, even though the interpretation of X\ as an eigenvalue of 

A p is valid only for p > 1 . 

3. Distortion and the spectral gap 

Given a finite metric space X we denote by S(X) its diameter and by \X\ its 
cardinality. We start by defining a constant p e which describes certain geometric 
features of X. 

Definition 2. Let X be a finite metric space. Given < e < 1 define the 
constant p e (X) € [0, 1], called the volume distribution, by the relation 

pJX) = min \ -±-Jr : A C X such that \A\ > e\X\ I . 
10{X) J 

When X = V is the vertex set of a finite graph T, we use the notation 
Pe (T) = Pe (V). 

The following theorem gives the inequality between the p-spectral gap, di- 
ameter and the £ p -distortion. 

Theorem 3. Let T be a finite, connected graph of degree bounded by k and let 
1 < p < oo. Then for every < e < 1, 

A (p) (r) < c ^(p)( r )V 



where C — C(k,e,p e ,p) 



S(T) 

2 V 



Proof of Theorem^ Let {e„} neN be the standard basis vectors in £ P (N) and 
let F : T -> £ P (N), where F(x) — J2n&t e nF n (x) and F n : V -» E are coordinate 
functions, be a one-to-one, 1-Lipschitz map. Since 

inf |||F„|| p - ||aly|| p | < inf \\F n - al v \\ p < \\F n \\ p , 

we conclude that for every n G N there exists a n £ R such that 
inf ||F„ - olv||g = \\F n - a n l v r 



a m- " p " " -«^"p' 



and moreover, 



1 nl ~ Hlvllp " |vr /p " ( j 

We have X)«6N l a «l p < °°- Indeed, inequality Q yields 
op op 

£ ki p ^ W \ £ £ i F «(-)i p = Ty\ E ii^)H5 < °°- 

riGN ' ' iiENigV ' ' x£V 

By virtue of the above estimate, the vector w = X)neN e « a n is an element 
of £ p and we can define a new embedding / : V —$ £ p by shifting by u>: f(x) = 
T,nen e nfn(x), where 

/„(#) = F n (x) - a n . 

Then for every n € N the inequality 

A?' £ |/ B (aO|* < £ £ !/»(*) " /»(»)IM*, v). ( 5 ) 

x£V x£V y~x 

holds, by the definition of Xf = Xf and the choice of a n . Then, applying (|5| 
coordinate-wise, we have 

Eii/oom = ££i/»(*)i p 

n£fix£V 
^ 7^£££l/n(*)-/n(l/)IM^tf) 

^ 7^££ll/W-/(y)IIM aj »i') 

^ tiptEE^^'^ 

fclVI 



iGf ngNi£V 

1 

Jp) 



< 



Ai 



(p) 



since F is 1-Lipschitz and, therefore, \\f(x) — f{y)\\ p = ll-F(^) — ^(y)llp < 1 
whenever x ~ y. Thus at least e|V| of a; G V satisfy 

ii/wii ' s (^f)" 



Consequently, we can find two points xo,ya G V such that 

d(x ,y )>Pe(r)S(T) 
and at the same time 

ll/(*o)-/(l/b)||p<2[- ^-y) 

\(l-e)\? > ) 

For the constant Lp we obtain 

d(x,y) 



L 



F 



> 



x.yev \\F{x) - F{y)\\ p 

d(x ,y ) 

\\f(xo) - f(yo)\\ P 

\ -i/p 



> lpe(T)S(T) ' 



^ y \(l-e)\^ 



> 



U(T)6(T) (\M 



2" v ' v ' V L ) \ 1 



i/p / fc \ -Vp 



Since the right hand side of the inequality is independent of F we pass to the 
infimum over all F : T — > £ p which are one-to-one and 1-Lipschitz and the 
assertion follows. □ 

3.1. An Alon-Milman-type inequality for the p-spectral gap 

Alon and Milman proved in [T] that for every graph V = (V,E) with degree 
bounded by k the inequality 



*(T) <2^^(log 2 |F|), (6) 

holds. 

On the other hand, Bourgain proved in [S] that the Euclidean distortion 
of any finite metric space X satisfies ci2\{X) < Cs log 2 |X| for some universal 
constant Cb > 0. In fact his techniques show that 

c {p) {X)<cf{\og 2 \X\), 

(p) 
for a universal constant Cg , depending only on p. This estimate together with 

Theorem [3] yields a general inequality between the diameter of a graph, number 
of vertices and Xf . For every < e < 1 we have 

S(T) < (Cik^pf/'CM) / l ° g2l \[ /p . (7) 

(aW(T)) 



For fixed p > 1, e > and a family of graphs of degree bounded by k, if 
p e (r) is uniformly bounded away from zero, then the constants C(k, e, p e ,p) are 
uniformly bounded above and in that case Theorem [3j together with the result 
of Bourgain, allows to recover and generalize to any p, the inequality (J6J, up to 
a multiplicative constant depending on the family. 

4. Schreier graphs and uniform volume distribution 

In this section we consider infinite families of Cayley graphs and Schreier 
graphs of groups of automorphisms of trees (see [H [20l [24l [34] for background 
on this topic) . We will demonstrate on examples that for sequences of graphs 
Theorem [3] often gives results asymptotically close to optimal and in some cases 
gives better results than some previously known inequalites. Recall that given 
a group G with a finite generating set A and a subgroup P < G, the Schreier 
graph r = r(G,P, A) consists of the set of vertices being in bijection with left 
cosets gP and the set of edges E = {(gP,agP) : a e AU A^ 1 }. The Cayley 
graph of G is a particular case when P = {1}. Every regular graph of even 
degree 2m can be represented as a Schreier graph of the free group F m with 
respect to a certain subgroup, see [TH IV. A. 15] for a discussion. 

We are interested in studying sequences of Schreier graphs of the form T n = 
(G, P„, A), where {P n } is a descending sequence of finite index subgroups with 
trivial intersection. In other words, we are considering a covering sequence 
{r„} of finite Schreier graphs (i.e., where T„ +1 covers r„). Groups with such 
chains are residually finite and act naturally and level transitively on infinite, 
spherically homogeneous rooted trees, where P n serve as stabilizers of vertices of 
level n of the rooted trees [6l [19l [2Qj [34] . We will consider here three examples: 
finite lamplighter groups, the group of intermediate growth constructed in [171 
[TB] and the Hanoi Towers group H^ introduced in [53K21]. Many more example 
of such graphs can be found in [H [551 133 132] ■ 

We are interested in three characteristics of such sequences: diameters, Ai 
and distortion. It is easy to see that the asymptotic behavior of diameters and 
distortion does not depend on the generating set A, however it is not clear if 
the same is true for Ai, therefore we will always indicate the generating set we 
are using. 

4--1- Uniform volume distribution 

We now want to consider families of graphs for which the constant C(fc, e, p e ,p) 
is uniformly bounded above. This amounts to controlling p e and motivates the 
following notion. 

Definition 4. Given a family of finite metric spaces X = {Xi} and < e < 1 
we say that the family X has uniform volume distribution if there exist e > 
and c > such that p e (Xi) > c for every X t G X . 

Such families will be of particular interest. Of course not all families of 
bounded degree graphs have uniform volume distribution. 



Example 5. Consider a 3-regular tree T and let B(n) denote a ball of radius 
n around a fixed point xq. 

Define the graph T n as B(n) with a path P n of length |-B(n)| attached at 
x . Then \B{n)\ = \T n \/2, however S(B(n)) = In and 8(T n ) > \P n \ > \B(n)\, 
where the latter grows exponentially, so that the ratio 8(B(n))/8(T n ) tends to 
0. 

Fortunately, many families satisfy the conditions of Definition [4] in a natural 
way. Recall that a graph is vertex transitive if the group of automorphisms 
acts transitively on its vertices. Cayley graphs of groups are examples of vertex 
transitive graphs. 

Proposition 6. Let T be a vertex transitive connected graph on at least 3 ver- 
tices. Then pi/zQ?) > — . 

Proof. By B x (r) — {y : d(x,y) < r)} we denote the ball or radius r centered 
at x. If 8(T) < 2 then the claim can verified directly. Assume that 6(F) > 3. 
First let us prove that \B x (8(T)/4)\ < \V\/2 for any vertex x £ V . Assume the 
contrary. Take a pair of points x, y £ V such that 

d(x,y)=6(T). 

We have 

B I («(r)/4)nB y (i(T)/4) = B 

and there is a point which does not belong to either of the two balls. Indeed, if 
there is no such point then 

<J(r) = d(x, y) < 2(<J(T)/4) + 1 = 8(T)/2 + I, 

which implies S(T) < 2. By the triangle inequality and homogeneity we obtain 
a contradiction 

\V\>2.\B X (5{T)/4)\>2.^±>\V\. 
Now assume that p\/2(P) < -■ Then there exists a set A C V such that 

Choose any point x a £ A. Then A C B Xa (5(T)/4). Thus 

|A|<|B X0 (*(r)/4)|<M 

and we again get a contradiction. □ 

Corollary 7. The family of all vertex transitive connected graphs on at least 
three vertices has 1 / A-uniform volume distribution. 



S(T)< 



(8) 



We recall an inequality due to Chung [TT], who showed that for a fc-regular 
graph 

' log(l^l-l) " 
log k/a 

where a = \cxz\ for the eigenvalues of the adjacency matrix a%, a.% . . . satisfying 
\ a i\ > \ a 2\ > '•' > a n- Below we will compare some of our results with 
those which follow from inequality p| Note that in comparison with inequality 
(pH) , Theorem [3] automatically gives better convergence as soon as a family of 
graphs has distortion better than 0(log|V^|). Indeed, inequality Q follows 
from Theorempland Bourgain's upper bound C B log(|V|) on the distortion. A 
version of inequality ^ in the case of directed graphs, including Cayley graphs 
of finite groups, was also studied recently in [T2]. We direct the reader to [T3J 
for details. 

4-2. Finite wreath products 

Consider the wreath product Z 2 2 Z„ of cyclic groups of order 2 and n, that 
is the semidirect product (®" =1 Z 2 ) x Z n , where the action of Z„ on ®" =1 ^2 is 
given by a coordinate shift. The natural generating set of the wreath product 
Z 2 I Z„ is 

{(l,0,0,...,0),a}, 

where a is the generator of Z n , and one can easily prove that the diameters 
of the Cayley graphs with respect to this system of generators grow linearly. 
Spectra of finite wreath products as above were studied in [53] . It was shown 
in [3] that the Euclidean distortion in this case is O(^logn). Therefore, by 
Theorem [3] and uniform volume distribution, we have 

Proposition 8. There exists a constant C > such that 

\?\z 2 lZ n )<c(^n) 2 ' = C 1 ^. (9) 

\ n J n z 

In comparison, inequality ([8]) gives 

Ai 2) (Z 2 ?Z„)<l-(n 2 -l) ( - 1/n) . 
Then one can verify that the estimate E)h is asymptotically stronger. 

4-3. The group of intermediate growth 

Consider the group G of intermediate growth generated by automorphisms 
a, 6, c, d of order 2 of a binary rooted tree. The description of this group can 
be found in many places, for instance jTTl UHl [21] , while the spectral properties 
of Schreier graphs of G were studied in [3] . Without getting into details let us 
mention that the shape of the Schreier graphs is shown in Figure [T] 

We have in this case <5(T rl ) = 2" — 1. It is easy to see that the ^-distortion of 
r„ is bounded and that T n have uniform volume distribution with pi/2(r„) > 
1/2. Thus we obtain from Theorem [31 





Figure 1: The Schreier graph at level n of the group of intermediate growth has 2 n vertices 

Proposition 9. The p-spectral gap of T n converges exponentially to 0. More 
precisely, there exists a constant C > such that 

A x (r„) < — . 

In the case p = 2 the spectrum of F n was precisely computed in |4j and gives 
the asymptotics Ci4~™ < Ai(P n ) < C 2 4~™. In comparison, inequality Q gives 

*i (r n ) < Cj,n2~ n . Here Ci,C2,C% are positive constants. 

5. Hanoi Towers group on 3 pegs and its Schreier graphs 

The Hanoi Towers game on k > 3 pegs leads to a famous combinatorial prob- 
lem [5SJ [35] , which remains unsolved for k > 4 (although it is solved asymptot- 
ically in [38]). The case k = 3, despite its easy solution, attracted the attention 
of many researchers because of its relations to different topics in mathematics, 
including studies around the Sierpihski gasket [25J [35J [33] ■ 

In [2 3) it was discovered that the problem has an interesting connection to 
algebra, namely to the theory of self-similar groups, branch groups and iterated 
monodromy groups. 

The natural sequence of graphs related to the game on 3 pegs is a sequence of 
the so-called Pascal graphs, which is closely related to the sequence of Sierpihski 
graphs studied in fractal theory 39J . Slight modifications of these graphs also 
arise as Schreier graphs for the natural action of the associated Hanoi Tower 
group H^ on the ternary tree. Their shape is shown in Figure [2j Let us briefly 
define the corresponding group and the sequence of graphs. We direct the reader 
to [201 [231 HH [25] for background on the Hanoi Towers groups. 

Let % denote the 3-regular rooted tree. The set of vertices of % can be 
viewed as the set of elements of the free monoid A* of finite words over the 
alphabet A = {0,1,2}. Given a permutation a e S 3 in the symmetric group 
define the automorphism a a of Ts by the recursive rule 

a = a(a ,ai,a 2 ), 

where a^ is the identity automorphism if i is in the support of a and ai ~ a 
otherwise. The automorphisms &Uj) act on the set of vertices 73 by the following 



10 



recursive formulas: 

a fe)( iw ) = J w 
a(if)(jw) = iw 

0(y) (xw) = XO(ij) (w) 

for x 7^ i,j, where i,j E A and w E A*. Denote a = O(oi), 6 = «(02) an d 
c = 0(12). The Hanoi Towers group on 3 pegs is the group H 3 C Aut(7a) 
generated by the automorphisms a, 6 and c. Consider now the subgroup P n — 
st ff (3)(l") < H( 3 \ The Schreier graph of this subgroup is shown in Figure |3| 
The spectral theory of Pascal graphs was studied in [21] and [35], from which 
it follows that Ai < C5~™. We will obtain information about the distortion of 
Schreier graphs (which are graphs of actions on levels) and apply Theorem pj 




Figure 2: The Schreier graph of H^ 3 ' at level 3 



Theorem 10. The graphs T n have uniform volume distribution. More precisely, 
P2/3^n) > 1/2 for every n e N. 

Proof. We have S(T n ) = 2" — 1. Denote by Si, S2 and S3 the three copies of 
r„_i which are naturally embedded in T n = (V,E), as in Figure [31 Consider a 
set A C V which satisfies \A\ > 2/3|V|. Then we consider two cases. 

If \A\ = 2/3|V| and A = S, U Sj for some i,j then 6(A) = S{T n ). 

Let A intersect all three Si, i — 1,2, 3. and let Xj G A, i = 1, 2, 3 belong to 
S^. Consider two cases. The first one is when the distance between two of the 
points, say xi and X3 is realized by a geodesic that passes through Si. In that 
case the distance d(x3,x 2 ) > 5(T n _i) + 2 > S(T n )/2. 

The second case is when the distance between Xi and Xj is not realized by 
a geodesic through Sk where i, j, k E {1,2,3} and are all different. For each 
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Figure 3: The graph T n 



i = 1, 2, 3 let irj for j = 1, 2 denote the two vertices of the triangle Si that are 
not vertices of the large triangle, as shown in Figure [3] Then we have 

6(A) > max {d(xi,x 2 ),d(x 2 ,x 3 ),d(x 3 ,Xi)} 

> -(d(x ll x 2 ) +d(x 2 ,x 3 ) + d(x 3 ,xi)) 

> -(d(x 1 ,v 2 1 ) + d(vlx 2 ) + l 

+d(x 2 ,vj) + d(vl,x 3 ) + 1 + d(x 3 ,vj) + d(v\, Xl ) + l) 

> i (3 + d{v\,vl) + d{v\,v 2 2 ) + d(vlv 3 3 )) 



> l + S(T n _ x )> 



S(T ri 



which finishes the proof. 



□ 



Theorem 11. For any p > 1 the £ p -distortion of the sequence {T n } is uniformly 
bounded above. 

Before we proceed with the proof we recall the definition of a quasi-isometry, 
which is a standard notion of metric equivalence in coarse geometry and geo- 
metric group theory. 

Definition 12. Let X and Y be metric spaces. A map f : X — > Y is a quasi- 
isometry if there exist constants L > 1 and K 1 C > such that 



1 



dx(x,y) -C< d Y (f(x),f(y)) < Ld x (x,y) + C 



and the image of X is K -dense in Y ; that is, for every y € Y there exists x G X 
such that dy(/(x),y) < K. 
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Figure 4: y is to the left of x 



Proof of Theorem 11 We first consider the case p = 2. Take the triangulation 
of the plane by equilateral triangles, as in Fig. [6] The set of vertices of this net 
will be called M. This set can be equipped with the combinatorial metric on 
the 1-skeleton N of the triangulation. With this metric, N is quasi-isometric to 
the plane equipped with any p-norm, p > 1. Indeed, M can be viewed as the 
Cayley graph of the group Z 2 with the generating set 

{(1,0), (-1,0), (0,1), (0,-1), (-1,1), (i,-i)}. 

Theorem ITT] will be proved once we show that the graphs T n are subgraphs 
of (M, N) with the sets of vertices embedded quasi-isometrically with uniform 
constants into M. 

First, note that T\ embeds into M with distortion less than 3. We will prove 
by induction on n that T n embeds into M with distortion bounded by 3. 

Denote by S±, S2, 5*3 the three copies of r„_i embedded in r„, starting with 
Si being the top one and continuing in the clockwise direction, as in Figure [3} 
If x, y are verticies in Si for some i = 1,2,3 then the claim follows from the 
inductive assumption. It suffices to prove the estimate for x G Si and y € S2, 
the other cases being completely analogous. We consider the infinite straight 
line I passing through x, parallel to that side r„ (viewed as a triangle on the 
plane) which intersects both Si and S%. The point y € S2 can be on the left 
side of I or on the right side of I (see Figures El and [5]) . We consider each case 
separately. 

Case 1: y is to the left of I. Consider the geodesic linking x and y in M which 
consists of two straight segments: the first segment is contained in I; the other 
segment is the segment of a straight line through y parallel to the side of r„ 
which does not intersect S2 . Let p be the point of intersection of this geodesic 
with that side of S2 which is the only side not contained in any side of T n . 
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Figure 5: y is to the right of x 

Then the geodesic segment [y,p] is completely contained in S2 and the estimate 
for distortion for r„_i applies. Let q denote the point of intersection of the 
geodesic with that side of Si which is the only side not contained in any side of 
r„. Then the geodesic segment [x, q] lies completely inside of Si and again the 
estimate for distortion T„_i applies. 

For the part of the geodesic linking p and q we note that it lies on the line 
parallel to the side of T n and so we have 

d-M(p,q) > 7.d rn (p,q). 

This estimate follows from the fact that the geodesic linking p and q in M can 
be viewed as the side of a equilateral triangle of side length d,M {p, q) ■ Then 
dr n (p, q) < 2djvf {p, q) + 1 < 3d,M (p, q) ■ Summarizing, we have 

d M (x,y) = d M (x,p) + d M (p,q) + d M (q,y) 

> ^d rn (x,q) + -d Frl (q,p) + -d rn (p,y) 

> ^d rn (x,y). 

Case 2: y is to the right of I. Consider the geodesic 7 linking x and y, consisting 
of a segment of I and a segment of a horizontal straight line between y and the 
intersection with I. Let v denote the point of intersection of these two lines. 
This leads to two subcases: 

a) If v lies inside of S2 we use arguments as above. 

b) If v lies outside of S2 we replace the geodesic 7 by another geodesic as follows. 
We take the point of intersection w of the geodesic 7 with the boundary of Si . 
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Figure 6: Embedding r„ into R . 

The points w and y can now be linked by geodesic 7' which consists of two 
straight line segments: a segment of the side of S\ containing us and a segment 
of a straight line through y parallel to the side of T n intersecting both Si and 
S*2. Our new geodesic is the segment d[x, w] U 7', see Figure [5J 

Consider now the new geodesic linking x and y to be oriented in the direction 
from x to y. Let r denote the last point of intersection of the geodesic with S\ 
and let s denote the first point of intersection of the geodesic with S%. Then 
again, the segment linking r and s is on a line parallel to one side of T n while 
the segments from x to r and from s to y are completely contained in Si and 
5*2 respectively. Thus we have an estimate: 



d M (x,y) = d M (x,r) + d M {r,s) + d M (s,y) 

> 3 d r n (x, r) + -d Fn (r, s) + -d Fn (s, y) 

o d r,A x ,y)- 



> 



This proves that the ^-distortion of T n is bounded. 

Applying the above facts together with our inequality we obtain 



□ 



Theorem 13. The p-spectral gap of the graphs T n converges exponentially to 
zero for 1 < p < 00. More precisely, there exist a constant C > (depending 
on p) such that for every n £ N we have 

\ < f ) (T n )<C2- np . 
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Thus for p = 2 we have Ai < C4 ™. The exponential convergence in the 
case p = 2 follows from [25] 

Remark 14. The Sierpinski graphs [35] are very similar to the graphs r„ 
above, the difference being the three copies of r n _i in T n are linked at the 
vertices, without the connecting edges. The techniques used in this section give 
conclusions similar as above for the Sierpinski graphs. 

6. Remaining questions 

There are some problems that we consider interesting in this context. The 
Basilica group was introduced in [27] and its Schreier graphs were studied in 
[14]. These graphs can be constructed by a replacement algorithm and 
have a tree-like structure with cycles of increasing diameters. 

Problem 15. What is the distortion of Schreier graphs of the Basilica group? 

We conjecture that the distortion of these Schreier graphs is unbounded. 
The spectra of Laplacians on the (slightly modified) Schreier graphs of the 
Basilica group were computed in [36] . while for Schreier graphs associated to 
Hanoi Tower groups H^ k \ k > 4, the spectra are not known. In the latter case 
it is known that the diameters 5{T n ) grow asymptotically as exp(n 1 ^ fc ~ 2 ^ ) ) and 
Chung's inequality gives 

Ap ) (r n )<Cnexp(-n 1 /(' £ - 2) ). 

The Hanoi Tower group we considered corresponds to the case k — 3 pegs. 
The question of computing the spectrum of Schreier graphs associated to Hanoi 
Tower groups on k > 4 pegs was posed in [24j . Here we state 

Problem 16. What is the asymptotic behavior of X\ (r„) for the Schreier 
graphs associated to the Hanoi Tower groups H^ k ' for k > 4 ? 

The possibility of applying Theorem [3j to the above problem also yields 

Problem 17. What is the distortion of the family of Schreier graphs {H,i } n &H 
when k > 4? 
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